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S U M M A R Y  

The demonstration is based upon a lemma, a theorem and the ensuing 
corollary. Three particular cases a r e  considered - the Adams, Milne and the 
Simpson methods. The final formula, arrived at, was tested on a few examples 
showing good agreement with the computation after introducing an "artificial" 
e r ror .  * 

* 

Let  as cons ider  a system of ord inary  d i f f e r e n t i a l  equation8 
w r i t t e n  ae a s i n g l e  d i f f e r e n t i a l  equat ion of the  vec tor  of  t he  r-dimen- 
s i o n a l  space: 

9- = f (x,  y) 
dx 

( f o r  the  i n i t i a l  condi t ion  y (XO) = YO). 
We s h a l l  examine t h e  case when the  equat ion (1) is resolved appro- 

x imate ly  by a d i f f e rence  method of t he  type 
R k 

'yn - 2 ajyn-j h 2 Bjfn-j 
j=l 1-0 

Let us assume t h a t  the approximate s o l u t i o n  o f  the equat ion (1) 

is searched  f o r  on the  segment Lxo ,  XI; l e t  yn be the  appoximate  v d u e  
of t h e  s o l u t i o n  at  the  point xn=xo+nh;  Y(&) is the  exact s o l u t i o n  at 

the  eame point '&=y,  -y(x,); A ( x )  is the  mat r ix  a t  the po in t  

~ ~~- 
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2. 

( X . Y ( X ) ) ;  A n  is t h e  same mat r ix  with va lues  computed at c e r t a i n  in te rmedia te  
p o i n t e  SO t h a t  f (Xn,  yn)-f(&, Y ( X n ) ) = A n & ;  F, is the  e r r o r  of the  method, i. e 
the  e r r o r  at  sUb6titUtiOn of t he  exact s o l u t i o n  J (xn) i n t o  formula ( 2 ) ;  )In 

is the  computation e r r o r  by formula (2) ( inc lud ing  the  round off e r r o r ) ;  

6, = )I,,- pn; A,,, AI,. . . , A,, -I 

i n  t h e  first & s i n g u l a r  po in ts .  

_ _  - 

- - - - -  - 
a r e  t h e  i n i t i a l  e r r o r s  , t h a t  is, the va lues  of y n  -Y (Xn)  

We shall a lso  msume t h a t  all t he  roo t s  of the  c h a r a c t e r i s t i c  equa- 

t i o n  

do not  exceed the unity by module and all of them may b e s i m p l e b e s i d e s  per- 

haps zero. We s h a l l  oeek the  expression f o r  &H ( m > k )  by KO, .. .. A k  -,, 8k, ..., am. - -  - - 
Evident ly ,  An satisfies the d i f f e rence  equat ion  

k 

We s h a l l  denote B ( x )  -A*(xm-x); B n =  A;-n, a n d  cons t ruc t  t h e  vec tors  
s a t i s f y i n g  the  homogenous d i f f e rence  egua- 2:) (t= 1, 2,. . . , r;  n = 0, 1,. . m - k ) ,  

t i o n  
k k 

at i n i t i a l  condi t ion6 
zJ' - irp,~,zr = e(') 

(e(/, are o r t s  of the  r-dimensional space ) ,  
n n 

Then we s h a l l  ob tz in  the  formula: 
m -k 

&,e(") = 2 &-n,zl') + 
n- 

m I k k \ 

g iv ing  all t he  p ro jec t ions  of  t h e  v e c t o r  of ;lC, .- searched for. 
Assuming 1&-l= o(h) (04,<<<), I&,)'= O(h9), we shall have by t h e  s t r e n g t h  

of t he  condi t ion  superimposed on the  r o o t s  of t he  equat ion ( 3 ) ,  ( s e e  [l]) : 

I&.,l=o(~)(x0<x,,,<X), and, assuming the ex i s t ence  and t h e  con t inu i ty  on t h e  



1 P )  
we s h a l l  segment Cx,, XI of  second p a r t i a l  d e r i v a t i v e s  of  the  type dj1'9)dy(3 fL , 

o b t a i n  
(9) 11 Bn - B (nh) 11 = 0 (h) 

( i n  the p a r t i c u l a r  C a B e  of l i n e a r  system ( 9 )  is t r i v i a l l y  f u l f i l l e d  even 
without  these  assumptions).  

A t  observance of t he  i n e q u a l i t y  ( 9 )  i t  may be shown t h a t  t he  solu- 
t i o n  o f  the d i f f e rence  equat ion ( 5 )  -.be approximated with the  he lp  of 
s o l u t i o n s  of c e r t a i n  d i f f e r e n t i a l  equat ions  I n  r e a l i t y ,  t h e r e  t akes  p lace  
the lemma t 

LEMMA. - If A, is one of r o o t s  of the equation ( 3 ) ,  d i f f e r e n t  from - 
ze ro ,  

'il (x) is the s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  

(1 1) 

' (12) 

du dx= O P B  (-4 u, 
It* = g u  (nh) 

and ( 9  t akes  p lace  then  we have 

Res t ing  on t h i s  lemma, we may demonstrate the fol lowing theorem: 

THEOREM.- A t  i n i t i a l  cond i t ions  (6)  and ( 7 ) , t h e  s o l u t i o n  of t h e  
equat ion  ( 5 )  is expressed by t h e  formula 

where 

is the  number of r o o t s  o f  t he  equat ion ( 3 )  d i f f e r e n t  from zero;  u @ , ~ ) ( ~ ) i e  
t he  s o l u t i o n  of the  equat ion (11) at the  i n i t i a l  condi t ion  u ( O ) ~ ~ O ,  

DEMONSTRATION.= The ~ o l u t i o n  of tbe d i f f e rence  equat ion  (5) a t  

i n i t i a l  condi t ione  ( 6 ) -  (7)  amounts t o  the  s o l u t i o n  of t h e  same equat ion 



4. 

a t  the  cond i t ion  ( 6 )  and ZL",=*.*~Z!! ) (k- l~=O- 

Expanding i n  the 1 - th  space t h e  v e c t o r  (0, 0, ... , 1) by vec to r s  
,. .. ,, A;', l)(p= 1, 2,. ..,I), we s h a l l  reduce t h e  s o l u t i o n  searched  for t o  t he  

sum of  t h e  s o l u t i o n s  zlf. r, with  i n i t i a l  condi t ions  (l.F(k-lk(o,. .-. , e(') w i t h  

c o e f f i c i e n t s  
- ( 2  - 110th s i n g u l a r  po in t s  a r e  ze ro  and which, because of  that is equal  

t o  O(h) at n.>,ol. 

of vp t ) -  
is v a l i d  f o r  
Thus the  theorem is demonstrated. 

(@-l) 

V and t he  s o l u t i o n  f o r  which the  va lues  i n  the  z e r o ,  - 1 - Y ,  . . P 

Examining t h e  d i f f e rence  viP*'' 7 &'*')-I~ub'' (nh)twe obta in  t h a t  t he  values 

at n=O, -1, ..., - (& - 1) have t h e o r d e r  O ( h ) ,  so t h a t  (13) 
, whence t ~ ! i ~ ' ~ = O ( h )  over the  e n t i r e  considered segment. 

COROLLARY.- Under t h e  considered condi t ions  

where 

.s,,(v, n, rn) is the s o l u t i o n  of the  v e c t o r i a l  l i n e a r  d i f f e r e n t i a l  equat ion 

at t h e  po in t  xm and at i n i t i a l  condi t ions  Z(xn)=V. 

equat ions.  
This c o r o l l a r y  stems from t h e  p rope r t i e s  of conjugate d i f f e r e n t i a l  

L e t  us pause at some p a r t i c u l a r  caset3. 

1. - For the  Adma method (with or without reduct ion)  t h e  only r o o t  

t h a t  is no t  s e r ~  is A l - l ;  U ~ - % ~ = I ;  
m - 

dm =I 2 s1 (&, n, m) + o (ha), 
n 4 - 1  

(19) 
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2. - For t h e  Milne method 

The roo t s  of the  c h a r a c t e r i s t i c  equat ion  a r e  A i =  1, k,IC3-1, ~ $ . = i ,  

bs- i; a1 = 1, 8, = -6 / , ,  aa = a4 = l/; T~ = T, = 't4 L, 'I4. 
We have : 

For the  ca6e when the  system (1) is reduced t o  a s i n g l e  equat ion  

formula (21)  acqui res  the form : 

It may be seen  from t h i s  formula t h a t  the Milne method is unsteady 
f o r  s t e a d y  equat ions and systeme c11. Note t h a t  t h i s  unsteadiness  t akes  

p lace  only f o r  round of f  e r r o r s ,  s i n c e ,  by t he  s t r e n g t h  of t h e i r  smoothness 
t h e  terms of the  formula (211, corresponding t o  p -  2, 3,  4, have f o r  t he  

method's e r r o r s  an order  0 (h2) - I 'q I. 
3 . - For t h e  Simpson method 

Note t h a t  more prec i se  formulas than ,  f o r  example (241, may be a l s o  

obta ined  from the exact  formula (8). For example, assuming 

1 ~ 1  I = O ( I Z ~ )  (o<i< CZ), 1 6 n l =  o(h8)i 
we have : 

- 1 7 
Am 2 2 [SI @n, n - 1, m) + (-I)"-" Sa @a, IC -1, m)] + 0 (h'b (25) 

n=a 
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Formula (25) w a ~  tes ted on a few examples : an " a r t i f i c a l "  error  Xn 
w a s  introduced and 6, w a a  measured at m>n; the  agreement of e r r o r s  

with correct ions corcputed by formula  (25) w a s  found t o  be qui te  good. 

T H E  E N D  * + e * +  e * * + *  
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